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We summarize several semi-phenomenological approaches to estimate the internal energy of one-component-
plasma (OCP) in two (2D) and three (3D) dimensions. Particular attention is given to a hybrid approach, which
reproduces the Debye-Hu¨ckel asymptote in the limit of weak coupling, the ion sphere (3D) and ion disc (2D)
asymptotes in the limit of strong coupling, and provides reasonable interpolation between these two limits.
More accurate ways to estimate the internal energy of 2D and 3D OCP are also discussed. The accuracy of
these analytic results is quantiﬁed by comparison with existing data from numerical simulations. The relevance
of the KTHNY theory in locating melting transition in 2D OCP is brieﬂy discussed.
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1 Introduction
The one-component-plasma (OCP) is an idealized system of identical point-like charges immersed in a uniform
(rigid) neutralizing background of opposite charge [1–3]. This model is of considerable interest from the fun-
damental point of view and has wide interdisciplinary applications, including ionized matter in white dwarfs,
interiors of heavy planets, alkali metals, colloidal suspensions, and complex (dusty) plasmas [3–7]. In addition,
the OCP represents a very important example of classical systems of interacting particles with extremely soft in-
teractions (the limit opposite to hard-sphere interactions) and as such it plays signiﬁcant role in condensed matter
research.
In the three-dimensional (3D) case the interaction between the charged particles is described by the conven-
tional Coulomb potential
V (r) = Q2/r, (1)
where Q is the particle charge and r is the distance between two particles. The system is then characterized
by the coupling parameter Γ = Q2/aT , where T is the temperature (in energy units), a = (4πn/3)−1/3 is the
(3D) Wigner-Seitz radius, and n is the particle density. Thermodynamic properties of this system have been
extensively studied in numerical simulations [8–15].
In the two-dimensional case (2D) two different systems are actually referred to as the OCP. The ﬁrst is char-
acterized by the conventional 3D Coulomb interaction potential (1), but the particle motion is restricted to a 2D
surface. This system has been used as a ﬁrst approximation for the description of electron layers bound to the
surface of liquid dielectrics and of inversion layers in semi-conductor physics [2, 3]. It has also some relevance
to colloidal and complex (dusty) plasma mono-layers in the regime of week screening [3, 5–7]. This system is
characterized by the same coupling parameter as in 3D, except 2D Wigner-Seitz radius is used, a = (πn)−1/2,
where n is now the 2D density. Thermodynamics of these systems has also been studied in the literature [16,17].
There is another systems also referred to as the 2D OCP, in which the interaction potential is deﬁned via the
2D Poisson equation and scales logarithmically with distance. The logarithmic potential, corresponding to the
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interaction of inﬁnite charged ﬁlaments, is often employed to model interactions between vortices in thin-ﬁlm
superconductors. The 2D OCP has received considerable attention [18–21] because of various ﬁeld theoretical
models [2] and existence of exact analytic solutions for some special cases [22, 23]. The interaction potential
between two particles follows from the solution of the 2D Poisson equation around a central test particle and
reads
V (r) = −Q2 ln(r/L), (2)
where L is an arbitrary scaling length. It is common [18] to set L = a, where a is the 2D Wigner-Seitz radius.
The thermodynamic of this system depends on the coupling parameter, Γ = Q2/T , which is density independent
(in contrast to Coulomb interactions in 3D and 2D).
The qualitative dependence of the OCP properties on the coupling strength is identical in 3D and 2D cases.
As Γ increases, the OCP shows a transition from a weakly coupled gaseous regime (Γ  1) to a strongly
coupled ﬂuid regime (Γ  1) and crystallizes at some Γm (the subscript “m” refers to melting). In the 3D
case the stable crystalline phase is formed by the body-centered-cubic (bcc) lattice. The transition occurs at
Γm  170 − 175 [11–13, 24]. In the 2D case with the Coulomb interaction, numerical simulations located the
transition into triangular lattice near Γm  125± 15 [17]. Experiments with a classical two-dimensional sheet of
electrons yielded Γm  137 ± 15 [25]. For the logarithmic interaction in 2D, numerical simulations and theory
predict that the triangular lattice is thermodynamically favorable for Γ  130 − 140 [18–21]. The closeness
of Γm values for these two different 2D systems is likely a coincidence, because the deﬁnitions of the coupling
strength are different for logarithmic and Coulomb interactions. At even higher Γ, the glass transition has been
predicted for 3D OCP [26,27]. This can also be a scenario for 2D OCP, but we are not aware of any work in this
direction.
Thermodynamic properties of the OCP (in both 2D and 3D) have been extensively studied over decades
and accurate numerical results as well as their ﬁts are available in the literature. Nevertheless, there has also
been considerable continuous interest in deriving physically motivated analytical estimates or bounds on the
thermodynamic quantities (in particular, internal energy) of the OCP. For example, analytical approaches of
various complexity and accuracy have been discussed in Refs. [4, 18, 19, 24, 28–41]. Below, we brieﬂy remind
some of the results particularly relevant to the present discussion.
Mermin [28] demonstrated that the internal energy of the 3D OCP is bounded below by the Debye-Hu¨ckel
(DH) value. This demonstration is quite general and should be applicable to the 2D case with logarithmic in-
teractions, too. This bound is a reasonable measure of the actual OCP energy at weak coupling. Lieb and
Narnhofer [30] derived another exact lower bound on the reduced energy (energy per particle in units of sys-
tem temperature) of the 3D OCP, which reads u > −0.9Γ. This result is often refereed to as the ion sphere
model [2, 42] (ISM) and provides rather good estimate of the internal energy at strong coupling. Similar lower
bound has been identiﬁed for the 2D OCP with logarithmic interactions by Sari and Merlini [31]. It reads
u > −0.375Γ and is usually referred to as the ion disc model (IDM). Again, IDM is surprisingly accurate at
strong coupling. Gryaznov and Iosilevskiy [29], and later independently Nordholm [38], proposed a simple mod-
iﬁcation of the DH theory for 3D, called ”DH plus hole” (DHH) approximation, based on the recognition that
the exponential particle density must be truncated close to the test particles so as not to become negative. It
improves considerably the DH theory at moderate coupling, Γ  1, but exhibits improper scaling (∝ −0.75Γ) in
the high-Γ limit. This approach can be extended to the 2D OCP with logarithmic interactions, as we demonstrate
below. More recently, Caillol derived two other exact lower bounds for the internal energy [41], which have been
demonstrated to be in better agreement with the numerical results than those obtained previously in a wide range
of Γ.
The purpose of this paper is threefold. First, we summarize yet another simple analytical scheme to estimate
the internal energy of the OCP in 3D and 2D. The approach is based on the hybrid DHH + ISM/IDM consideration
formulated below. Simple electrostatic consideration, involving the solution of the Poisson equation, is used
and thus, in 2D case, the approach is limited to the logarithmic interaction. It produces expressions, which
reduce to the DH result at weak coupling and to the ISM/IDM results at strong coupling and provide reasonable
interpolation between these limits. Second, we brieﬂy summarize simple and accurate ﬁts for all three OCP
systems discussed here. In particular, we demonstrate that in the 2D OCP the thermal component of the internal
energy exhibits the same scaling for Coulomb and logarithmic interactions. Similar scaling also holds for Yukawa
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interactions near the OCP limit (long screening length) and this suggests that it is a universal property of soft
repulsive particle systems in 2D. Based on these accurate scalings of the internal energy other thermodynamic
properties can be easily calculated. Finally, we brieﬂy compare the location of the ﬂuid-crystal phase transition
in 2D OCP with Coulomb and logarithmic interactions, as estimated using the Kosterlitz-Thouless-Halperin-
Nelson-Young (KTHNY) theory.
2 Hybrid approach to the internal energy of the OCP in 3D and 2D
2.1 Linear Debye-Hu¨ckel approximation.
The solution of the linear Poisson-Boltzmann equation, Δφ = k2Dφ, in 3D and 2D yields
φ(r) =
⎧⎨
⎩
Q
r
e−kDr, kD =
√
4πnQ2/T , (3D)
QK0(rkD), kD =
√
2πnQ2/T , (2D)
(3)
where K0(x) is the zero-order modiﬁed Bessel function of the second kind and kD is the inverse screening
length. Note the relations kDa =
√
3Γ in 3D and kDa =
√
2Γ in 2D. The reduced excess (that over non-charged
particles) energy of the systems, independently of dimensionality, can be evaluated from
uex ≡ Uex
NT
=
[Qφ(r)− V (r)]r→0
2T
, (4)
where N is the number of the particles (N → ∞ in the thermodynamic limit). This corresponds to the DH
approximation for the weakly coupled (Γ  1) limit:
uDH(Γ) =
⎧⎪⎪⎨
⎪⎪⎩
−
√
3
2
Γ3/2, (3D)
−Γ
4
(
ln
Γ
2
+ 2γ
)
, (2D)
(5)
where γ  0.57721 is the Euler’s constant (we used the expansion K0(x)  −γ + ln 2 − lnx + O(x2) for
x  1). The DH approximation provides accurate results only in the limit of extremely weak coupling.
2.2 Debye-Hu¨ckel plus hole approximation
To extend the applicability of the DH approach to the moderately coupled OCP, the simple phenomenological
“Debye-Hu¨ckel plus hole” (DHH) approximation was proposed [29,38]. The main idea behind the DHH approx-
imation is that the exponential particle density must be truncated close to a test particle in order to avoid density
to be negative upon linearization. The DHH approach was originally applied to the 3D OCP. Here we outline its
application to the 2D case, but 3D results are also summarized for completeness.
The potential inside the hole (sphere in 3D and disk in 2D cases) of radius h can be written as
φin(r) =
⎧⎨
⎩
Q
r
+A0 +A2r2, (3D)
−Q ln(r/a) +A0 +A2r2. (2D)
(6)
Outside the hole, the potential satisﬁes the linearized Poisson-Boltzmann equation, so that
φout(r) =
⎧⎨
⎩
B
r
e−kDr, (3D)
BK0(rkD). (2D)
(7)
The two solutions should be matched at r = h, requiring φin(h) = φout(h) = T/Q (the last condition ensures
that particle density vanishes at the hole boundary in the linear approximation) and φ′in(h) = φ
′
out(h). Using the
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identity K ′0(x) = −K1(x) we get the following equations for z = h/a
z2 =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1
3Γ
{[
1 + (3Γ)3/2
]1/3
− 1
}2
, (3D)
1− z
√
2
Γ
K1(
√
2Γz)
K0(
√
2Γz)
. (2D)
(8)
Unlike the 3D case, where the hole radius is expressed explicitly in terms of Γ, in the 2D case the transcendent
equation should be solved numerically. This, however, does not represent a major difﬁculty. The dependence
z(Γ) is shown in Fig. 1 for both 3D and 2D OCP. In both cases h → 0 when Γ → 0, and h → a when Γ → ∞.
Fig. 1 Reduced radius of the hole, h/a, around the test
particle as a function of the coupling parameter Γ in the
3D and 2D OCP.
The reduced excess energy can be evaluated using equation (4), which yields uDHH = (QA0/2T ). This
results in
uDHH(Γ) =
⎧⎪⎪⎨
⎪⎪⎩
−1
4
{[
1 + (3Γ)3/2
]2/3
− 1
}
, (3D)
1
2
+
Γ
2
ln z − Γ
4
z2. (2D)
(9)
In the limit Γ  1, Eq. (9) reduces to the DH results of Eq. (5), but it remains adequate at higher Γ than the
DH approach does. For example, in the 2D OCP the exact result can be obtained analytically in the special case
Γ = 2 [22, 23]. The exact excess energy at this point is uex(2) = −γ/2  −0.28861 [22]. The DHH value is
very close to that, uDHH(2)  −0.29324, while the DH value is considerably below the exact one, uDH(2) 
−0.57721. In the strongly coupled regime Γ  1, the DHH approximation yields the correct scaling uex ∝ Γ,
but the coefﬁcient of proportionality is incorrect (−0.75 instead of −0.9 in 3D and−0.25 instead of −0.375
in 2D). In Figure 2 we compare the energies obtained using the DHH approach with those obtained using Monte
Carlo (MC) and molecular dynamics (MD) computer simulations. It is worth noting that the application of the
DHH approach to 3D Yukawa systems has been recently discussed in Ref. [43] in the context of complex (dusty)
plasmas.
2.3 Ion sphere and ion disc models
The main idea of the ion sphere (ISM) and ion disk (IDM) models is that in the regime of strong coupling,
the particles repel each other and form a regular structure with the interparticle spacing of order a [2]. Each
particle can be considered as restricted to the cell (sphere in 3D and disc in 2D) of radius a, ﬁlled with the
neutralizing background. The cells are charged neutral and do not overlap, and hence the potential energy of the
system is just the sum of potential energy of each cell. The latter is readily calculated from the pure electrostatic
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consideration [30, 31]. The result is
uISM/IDM =
⎧⎪⎨
⎪⎩
− 9
10
Γ = −0.9Γ, (3D)
−3
8
Γ = −0.375Γ. (2D)
(10)
The results are very close to the static components of the actual excess energy of the 3D and 2D OCP in both
strongly coupled ﬂuid and solid phases. They can be compared with the Madelung constants of the OCP bcc
lattice, uM = −0.895929Γ (3D), and triangular lattice, uM = −0.37438Γ (2D). The agreement is impressive.
It was proven mathematically that Eqs. (10) provides the lower bounds of the excess internal energy in the
thermodynamic limit [30, 31]. The ISM and IDM asymptotes are shown in Fig. 2. The ISM model can be easily
generalized to 3D Yukawa systems. It is worth to mention that the ISM result for the excess energy can also be
obtained from the energy equation using Percus-Yevick (PY) radial distribution function for hard spheres at the
unphysical packing fraction η = 1, which provides some link between the ISM approximation and the integral
equation theories (for details see Ref. [44] and references therein).
Fig. 2 Reduced excess energy uex/Γ versus the coupling parameter Γ for the 3D OCP (a) and 2D OCP (b). For the 3D case,
symbols are the results from numerical MC [14,15] and MD [11,12] simulations. Similarly, for the 2D case, symbols are the
results from MC [18] and MD [19] simulations. Various curves correspond to the DH, DHH, ISM and IDM approximations,
as indicated in the ﬁgures. The (red) solid curves in both ﬁgures show the result of the hybrid DHH+ISM (3D) and DHH+IDM
(2D) approximation of Eq. (16).
2.4 Hybrid approximation
Now we discuss the recently proposed hybrid approach to the excess energy of 3D and 2D OCP, which tends
to reproduce the DH and ISM (IDM) results in the respective limits of weak and strong coupling, and provides
reasonable interpolation between these limits [45, 46].
Let us consider a test particle along with the piece of the neutralizing background charge (sphere or disc of
radius h in 3D or 2D, correspondingly) as a new compound particle. The internal energy of such a compound
particle consists of two parts: energy of a uniformly charged cell of radius h and charge q = −Q(h/a)D (D
is the system dimension) and the energy of a charge Q placed in the center of such a cell. Solving the Poisson
equation inside and outside the cell and matching the solutions we get for the energy of the uniformly charged
cell of background charge
ub =
⎧⎪⎪⎨
⎪⎪⎩
3
5
q2
Th
, (3D)
q2
T
(
1
8
− 1
2
ln
h
a
)
. (2D)
(11)
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The energy of a charge Q placed in the center of such a cell is
up =
⎧⎪⎪⎨
⎪⎪⎩
3
2
qQ
Th
, (3D)
qQ
T
(
1
2
− ln h
a
)
. (2D)
(12)
The energy of the compound particle is then
ucp(Γ) =
⎧⎪⎪⎨
⎪⎪⎩
Γz2
(
3
5
z3 − 3
2
)
, (3D)
Γz2
(
ln z − 1
2
)
+ Γz4
(
1
8
− 1
2
ln z
)
. (2D)
(13)
In the limit of strong coupling, the effective charge of the compound particle tends to zero and, therefore, its
internal energy should be an adequate measure of the excess energy of the whole system (per particle). We get
in this limit z → 1 and hence ucp  −0.9Γ (3D) or ucp  −0.375Γ (2D), which coincides with the ISM/IDM
results.
The energy associated with the remaining interaction between the compound particles (they are not charge
neutral in the general case) can be estimated from the energy equation
upp = (n/2T )
∫
r>h
Veﬀ(r)[g(r)− 1]dr, (14)
where Veﬀ(r) is the Coulomb (3D) or logarithmic (2D) interaction potential between the compound particles
with effective charge Qeﬀ = Q+ q = Q[1− zD] and g(r) is the radial distribution function. Since the effective
charge Qeﬀ is considerably reduced compared to the actual charge Q, especially in the strong coupling regime,
it is not very unreasonable to use an expression originating from the linearized Boltzmann relation, g(r) 
1−Qeﬀφout(r)/T , where φout is given by Eq. (7) in the DHH approximation. This yields
upp(Γ) =
⎧⎪⎪⎨
⎪⎪⎩
−
√
3Γ
2
z(1− z3)3, (3D)
Γ(1− z2)3
K0(
√
2Γz)
∫ ∞
z
x lnxK0(
√
2Γx)dx. (2D)
(15)
In the 3D case, we have at weak coupling z ∼ Γ and the DH result is immediately recovered. In the 2D case
numerical integration is generally required in (15), but it can be also shown that the result reduces to the DH one
in the weakly coupled limit (Γ  1).
Our estimate for the OCP excess energy within the hybrid DHH+ISM/IDM approximation is then simply
uhyb(Γ) = ucp(Γ) + upp(Γ). (16)
Equation (16) reduces to the DH and ISM/IDM asymptotes in respective limits of weak and strong coupling. The
quality of the interpolation between these two limits is illustrated in Fig. 2 (red solid curves). The agreement with
the accurate numerical data from MC and MD simulations is better in the 3D case, but remains also acceptable in
the 2D case, taking into account the simplicity of the model. However, it is also obvious that in many situations
this accuracy is insufﬁcient, and we summarize more accurate expressions in the next Section.
3 Accurate expressions for the internal energy of OCP ﬂuids
For strongly coupled systems, the reduced excess energy can be conveniently divided into static and thermal
components
uex = ust + uth. (17)
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The static contribution corresponds to the value of internal energy when the particles are frozen in some regular
conﬁguration (e.g., crystalline lattice for solids), and the thermal corrections arise due the deviations from these
ﬁxed positions, associated with thermal ﬂuctuations. When the value of the static component of the excess
energy is speciﬁed, the thermal component determines the excess energy and other thermodynamic properties of
the system. It is known that the thermal energy exhibits quasi-universal scaling for soft repulsive interactions in
3D (ﬁrst proposed by Rosenfeld and Tarazona (RT) [47,48]) and two interesting questions arise: (i) How accurate
is the RT scaling for 3D OCP; and (ii) Whether there is some analog of the RT scaling in 2D.
First, let us consider the 3D case. A relevant measure of the static energy component in 3D OCP ﬂuids is the
ISM energy (we remind that it is very close to the bcc lattice sum). Based on the accurate MC simulation results
from Ref. [14], a simple two-term expression for uth has been proposed [24]
uth = 0.5944Γ
1/3 − 0.2786. (18)
This ﬁt, along with the MC numerical data, is plotted in Fig. 3. In addition, a variant of the RT scaling,
uth  3.2(Γ/Γm)2/5 − 0.1, (19)
is also plotted. This scaling has been successfully used to obtain practical expressions for the internal energy and
pressure of 3DYukawa ﬂuids [49–51] in a relatively wide range of screening strength. These practical expressions
can be for instance used to estimate the sound velocity of Yukawa ﬂuids with applications to complex (dusty)
plasmas [52]. Figure 3 demonstrates that the RT scaling describes fairly well the numerical data, but the OCP
scaling is somewhat more accurate, especially in the regime 1 ≤ Γ ≤ 100. This is absolutely not surprising,
since the OCP scaling is nothing but the best simple ﬁt to the numerical data shown in Fig. 3. The very fact
that the exponent s = 1/3 (or close to that) in Eq. (18) provides particularly good agreement with the numerical
data for the OCP has been documented in a number of previous studies [10–14]. It is worth noting that the
OCP expression (18), rewritten in the RT-like form (i.e., uth expressed in terms of Γ/Γm) is also superior to RT
scaling for Yukawa ﬂuids near the OCP limit (when screening length is longer or comparable to the inter-particle
spacing). This provides us with a simple and accurate practical tool to estimate thermodynamic properties of
weakly screened Yukawa ﬂuids [53].
Fig. 3 Thermal component of the reduced excess energy,
uth, of the strongly coupled 3D and 2D OCP ﬂuids versus
the coupling parameter Γ. Symbols correspond to MC and
MD simulations: Crosses are MC results for 3D OCP [14],
circles are MC results for 2D OCP with the Coulomb inter-
action [17], triangles and stars are MC and MD results for
2D OCP with logarithmic interaction, respectively [18,19].
The red solid curve is the 3D OCP ﬁt of Eq.(18). The
blue solid line corresponds to the 2D OCP scaling. The
red dashed curve represents the RT scaling of Eq.(19).
Let us now consider the 2D case. The energy can be again divided into the static and thermal parts, according
to Eq. (17). For the static component of the energy in the 2D case, we now chose the triangular lattice sums
(Madelung energies), which are uM = −0.37438Γ for the logarithmic and uM = −1.106103Γ for the Coulomb
potential, respectively [17,18] (the ion disc model can be constructed for logarithmic interactions as we discussed
above, but we are not aware of any such construction for the Coulomb interaction in 2D). Then, subtracting
the static component from the full excess energy, available from the previous numerical simulations, we can
obtain the thermal energy component. The resulting dependence of uth on the coupling parameter Γ is shown in
Fig. 3. The numerical data points, for both Coulomb and logarithmic interactions, tend to collapse on a single
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quasi-universal curve. Some scattering of the data points is present, but no clear systematic trend is observed,
indicating that this may simply reﬂect the level of accuracy of the simulation results (note that at large Γ, the
thermal component is a tiny fraction of the total OCP excess energy). The dependence uth(Γ) has a logarithmic
character, the blue solid line corresponds to
uth  0.231 ln(1 + 2.798Γ). (20)
Since the values of Γm for the 2D OCP with Coulomb and logarithmic interactions are rather close, an analog of
the RT scaling for soft repulsive particles in 2D emerges. The expression proposed in Ref. [53] is
uth  b1 ln[1 + b2(Γ/Γm)], (21)
with the coefﬁcients b1 = 0.231 and b2 = 391.655. Similarly to the 3D case, this scaling is well applicable to
weakly screened Yukawa systems in 2D. Various thermodynamic functions of 2D Yukawa ﬂuids can be easily
estimated. Good agreement with the simulation results of Refs. [54,55] has been documented [53]. Applications
to estimate the sound velocity in two-dimensional Yukawa ﬂuids have been discussed in Ref. [56]
4 Free energy and pressure
Having relatively accurate expressions for the excess internal energy of strongly coupled OCP in 3D and 2D, we
can evaluate other thermodynamic quantities. Here we present expressions for the reduced Helmholtz free energy
and pressure. The generic expression for the reduced excess (that over non-interacting particles) free energy of
the strongly coupled OCP ﬂuid is
fﬂuid(Γ) = f(Γ0) +
∫ Γ
Γ0
dΓ′uex(Γ′)/Γ′, (22)
where Γ0 corresponds to the weakly or moderately coupled regime, and f(Γ0) is known to a good accuracy.
In some cases Γ0 can be simply set zero, because the exact behavior of the excess energy at weak coupling
normally has very little effect on the excess free energy at strong coupling. This is, however, not the case for the
3D OCP, because the integral in Eq. (22) diverges when expression (18) is used. Therefore, we chose Γ0 = 1,
f(Γ0) = −0.4368 [11] to get
fﬂuid = −0.9Γ + 1.7832Γ1/3 − 0.2786 ln Γ− 1.3200. (23)
This expression has been previously derived in Ref. [24]. For the 2D OCP the scaling (20) does not lead to the
integral divergence at small Γ. Although it also does not reproduce the exact behavior of uex in the limit of weak
coupling, for strongly coupled 2D OCP with Coulomb interactions, we ﬁnd appropriate to put Γ0 = 0, which
yields
fﬂuid = −1.106103Γ− 0.231Li2(−2.798Γ), (24)
where Li2(z) =
∫ 0
z
dt ln(1− t)/t is dilogarithm. For the 2D OCP with logarithmic interaction we should use the
fact that the reduced free energy at Γ0 = 2 is known exactly, f(2) = 1− 12 ln(2π)  0.0811 [23]. We have then
fﬂuid = −0.37438Γ− 0.231Li2(−2.798Γ) + 0.1469. (25)
To check the accuracy of these expressions we look for the intersection of the ﬂuid and solid free energies of
the considered systems. This is a very stringent test, since the free energies of ﬂuid and solid are nearly parallel
near the intersection. For the free energy of the 3D OCP with the Coulomb interaction forming the bcc lattice we
take the expression from Ref. [13],
fsolid = −0.895929Γ + 3
2
ln Γ− 1.1704− 10.84
Γ
− 352.8
2Γ2
− 179400
3Γ3
, (26)
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where the last three terms represent anharmonic corrections. For the 2D OCP forming the triangular lattice we
use the result from Ref. [17]
fsolid = −1.106103Γ + lnΓ− ln 2 + 0.298− 5
Γ
− 560
2Γ2
, (27)
where the last two terms are again anharmonic corrections. Finally, for the 2D OCP solid with the logarithmic
interaction we use the available result of a simple harmonic approximation [23],
fsolid = −0.37438Γ + lnΓ− 0.262. (28)
Fig. 4 Reduced excess free energy, in units of Γ (i. e. fex/Γ), as a function of the coupling parameter Γ of 3D OCP
(a), 2D OCP with Coulomb interaction (b), and 2D OCP with logarithmic interaction (c). The red curves correspond to the
ﬂuid phase, the blue curves correspond to the crystalline solid. Their intersection locates the point of the ﬂuid-crystal phase
transition. This ﬁgure gives yet another illustration that the free energies of the ﬂuid and solid phases are nearly parallel in
the vicinity of their intersection, indicating that very high accuracy is required to properly determine the location of the phase
transition.
The ﬂuid and solid reduced excess free energies near their intersection are shown in Fig. 4. From the location
of the intersection point we can estimate the coupling parameter at the ﬂuid-crystal phase transition. For the 3D
OCP we get Γm  174 in very good agreement with the result of Ref. [13]. For the 2D OCP with the Coulomb
interaction we get Γm  140, which is consistent with the range predicted in earlier numerical simulations and
experiments. For the 2D OCP with the logarithmic interaction, intersection occurs near Γm  154, which is
somewhat higher than obtained in Refs. [18, 19]. However, we remind that the free energy of the solid phase
has been evaluated using a simple harmonic approximation. By analogy with the two other OCP systems, it can
be expected that if the anharmonic corrections are properly accounted for, the coupling parameter corresponding
to the phase transition can decrease to Γm  130 − 140, in much better agreement with the results of previous
studies.
Regarding the excess pressure, it can be trivially obtained using the virial (pressure) equation. For the OCP
with Coulomb interactions we have, in reduced units, pex = 13uex in 3D and pex =
1
2uex in 2D. For the 2D OCP
with the logarithmic potential, the virial equation combined with the charge neutrality condition immediately
yields pex = − 14Γ. This simple exact result is a consequence of the observation that density is an irrelevant
variable for 2D OCP with the logarithmic potential [18].
Other thermodynamics quantities can be evaluated in a similar way.
5 Melting of the 2D OCP in the KTHNY model
The Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY) theory [57] describes melting in classical 2D sys-
tems with arbitrary interaction between the particles. Recently, the KTHNY scenario has been conﬁrmed for
sufﬁciently soft interactions [58], indicating that it should be relevant to 2D OCP, both with Coulomb and loga-
rithmic interactions. The KTHNY theory states that the melting transition occurs when
4πT
b2
=
μ(μ+ λ)
2μ+ λ
, (29)
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where b is the lattice spacing and μ, λ are the Lame´ coefﬁcients of 2D solid, which can be expressed via the
longitudinal and transverse sound velocities [59]. For the OCP the longitudinal sound velocity is inﬁnite and the
melting temperature can be expressed via the transverse sound velocity [60]
Tm =
mnb2c2T
4π
, (30)
where mn is the mass per unit area and cT is the transverse sound velocity. For the triangular lattice we have
b = (2/n
√
3)1/2. Then, for the Coulomb interaction, using the zero-temperature limit cT  0.513
√
Q2/mb [59]
we get Γm  79, as obtained originally by Thouless [60]. This is clearly only a rough estimate of the melting
location, considerable improvement can be achieved by taking into account the temperature dependence of the
shear modulus arising from the phonon-phonon interaction and the polarizability of dislocation pairs [61]. Nev-
ertheless, it is interesting to make similar estimation for the 2D OCP with the logarithmic interaction. We use the
transverse sound velocity cT =
√
Q2/8m derived in Ref. [23] to get
Γm = 16π
√
3  87. (31)
This estimate demonstrates the same level of accuracy as in the Coulomb case, improvements seem necessary.
6 Conclusion
The one-component-plasma is an old model with wide iterdisciplinary applications. It also represents an impor-
tant example of classical systems with extremely soft interactions. In this paper we mainly discussed thermody-
namic properties of the model (in terms of the internal energy). Of particular signiﬁcance can be the observation
that the OCP scaling of the thermal component of the excess energy exhibits scaling, which is quasi-universal
and applies to other soft repulsive potentials, both in 2D and 3D cases. We pointed out applications to the weakly
screened Yukawa systems, mostly in the context of complex (dusty) plasmas. It is likely that the discussed
observation can be also useful for other classical systems with soft repulsive interactions.
Acknowledgements SAK present position at the Aix-Marseille-University is supported by the A*MIDEX grant (Nr. ANR-
11-IDEX-0001-02) funded by the French Government “Investissements d’Avenir” program. The development of the hybrid
approach for the OCP in 3D and 2D was supported by the Russian Science Foundation, Project No. 14-12-01235.
References
[1] S.G. Brush, H.L. Sahlin and E. Teller, J. Chem. Phys. 45, 2102 (1966).
[2] M. Baus and J.P. Hansen, Phys. Rep. 59, 1 (1980).
[3] V.E Fortov, I.T. Iakubov and A.G. Khrapak, Physics of Strongly Coupled Plasma (Clarendon Press, Oxford, 2006).
[4] N.V. Brilliantov, Contrib. Plasma Phys. 38, 489 (1998).
[5] V.E. Fortov, A.G. Khrapak, S.A. Khrapak, V.I. Molotkov, and O.F. Petrov, Phys. Usp. 47, 447 (2004).
[6] V.E. Fortov, A.V. Ivlev, S.A. Khrapak, A.G. Khrapak, and G.E. Morﬁll, Phys. Rep. 421, 1 (2005).
[7] A. Ivlev, H. Lo¨wen, G. Morﬁll, and C.P. Royall, Complex Plasmas and Colloidal Dispersions: Particle-resolved Studies
of Classical Liquids and Solids (World Scientiﬁc, Singapore, 2012).
[8] J.P. Hansen, Phys. Rev. A 8, 3096 (1973).
[9] W.L. Slattery, G.D. Doolen, and H.E. DeWitt, Phys. Rev. A 21, 2087 (1980); 26, 2255 (1982).
[10] G.S. Stringfellow, H.E. DeWitt, and W.L. Slattery, Phys. Rev. A 41, 1105 (1990).
[11] R.T. Farouki and S. Hamaguchi, J. Chem. Phys. 101, 9885 (1994).
[12] S. Hamaguchi, R.T. Farouki, and D.H.E. Dubin, J. Chem. Phys. 105, 7641 (1996).
[13] D.H.E. Dubin and T.M. O’Neil, Rev. Mod. Phys. 71, 87 (1999).
[14] J.M. Caillol, J. Chem. Phys. 111, 6538 (1999).
[15] J.M. Caillol and D. Gilles, J. Phys. A: Math. Theor. 43, 105501 (2010).
[16] H. Totsuji, Phys. Rev. A 17, 399 (1978).
[17] R.C. Gann, S. Chakravarty and G.V. Chester, Phys. Rev. B 20, 326 (1979).
[18] J.M. Caillol, D. Levesque, J.J. Weis and J.P. Hansen, J. Stat. Phys. 28, 325 (1982).
[19] S.W. de Leeuw and J.W. Perram, Physica A 113, 546 (1982).
[20] Ph. Choquard and J. Cleroin, Phys. Rev. Lett. 50, 2086 (1983).
www.cpp-journal.org c© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
280 S.A. Khrapak and A.G. Khrapak: Internal energy of one-component-plasma
[21] P. L. Radloff, B. Bagchi, C. Cerjan, and S. A. Rice, J. Chem. Phys. 81, 1406 (1984).
[22] B. Jankovici, Phys. Rev. Lett. 46, 386 (1981).
[23] A. Alastuey and B. Jancovici, J. Phys. 42, 1 (1981).
[24] S.A. Khrapak and A.G. Khrapak, Phys. Plasmas 21 104505 (2014).
[25] C. C. Grimes and G. Adams, Phys. Rev. Lett. 42, 795 (1979).
[26] S. Tanaka and S. Ichimaru, Phys. Rev. A 35, 4743 (1987).
[27] A. Yazdi, A. Ivlev, S. Khrapak, H. Thomas, G. E. Morﬁll, H. Lo¨wen, A. Wysocki, and M. Sperl, Phys. Rev. E 89,
063105 (2014).
[28] N.D. Mermin, Phys. Rev. 171, 272 (1968).
[29] V.K. Gryaznov and I.L. Iosilevskiy, Numerical methods in ﬂuid mechanics 4, 166 (1973); For english translation see
e-print arXiv:0903.4913 (2009).
[30] E.H. Lieb and H. Narnhofer, J. Stat. Phys. 12, 291 (1975).
[31] R.R. Sari and D. Merlini, J. Stat. Phys. 14, 91 (1976).
[32] D. Stroud and N.W. Ashcroft, Phys. Rev. A 13, 1660 (1976).
[33] H.E. DeWitt and Y. Rosenfeld, Phys. Lett. A 75, 79 (1979).
[34] H. Totsuji, Phys. Rev. A 19, 1712 (1979); 19, 2433 (1979).
[35] C. Deutsch, H.E. DeWitt, and Y. Furutani, Phys. Rev. A 20, 2631 (1979).
[36] P. Vieillefosse, J. Phys. 42, 723 (1981).
[37] Y. Rosenfeld, Phys. Rev. A 25, 1206 (1982).
[38] S. Nordholm, Chem. Phys. Lett. 105, 302 (1984).
[39] A.S. Kaklyugin, High Temp. 23, 169 (1985).
[40] J. Ortner, Phys. Rev. E 59, 6312 (1999).
[41] J.M. Caillol, J. Chem. Phys. 111, 9695 (1999); J. M. Caillol, J. Chem. Phys. 112, 6940 (2000).
[42] S. Ichimaru, Rev. Mod. Phys. 54, 1017 (1982).
[43] S.A. Khrapak, A.G. Khrapak, A.V. Ivlev, and G.E. Morﬁll, Phys. Rev. E 89, 023102 (2014).
[44] S.A. Khrapak, A.G. Khrapak, A.V. Ivlev, and H.M. Thomas, Phys. Plasmas 21, 123705 (2014).
[45] S.A. Khrapak and A.G. Khrapak, Phys. Plasmas 22, 044504 (2015).
[46] A.G. Khrapak and S.A. Khrapak, AIP Advances 5, 087175 (2015).
[47] Y. Rosenfeld and P. Tarazona, Mol. Phys. 95, 141 (1998).
[48] Y. Rosenfeld, Phys. Rev. E 62, 7524 (2000).
[49] S.A. Khrapak and H. Thomas, Phys. Rev. E 91, 023108 (2015).
[50] S.A. Khrapak, N.P. Kryuchkov, S.O. Yurchenko, and H.M. Thomas, J. Chem. Phys. 142, 194903 (2015).
[51] S.A. Khrapak, Plasma Phys. Control. Fusion 58, 014022 (2015).
[52] S.A. Khrapak and H.M. Thomas, Phys. Rev. E 91, 033110 (2015).
[53] S.A. Khrapak, I.L. Semenov, L. Couedel, and H. Thomas, Phys. Plasmas 22, 083706 (2015).
[54] H. Totsuji, M.S. Liman, C. Totsuji, and K. Tsuruta, Phys. Rev. E 70, 016405 (2004).
[55] P. Hartmann, G.J. Kalman, Z. Donko, and K. Kutasi, Phys. Rev. E 72, 026409 (2005).
[56] I. Semenov, S. Khrapak, and H. Thomas, Phys. Plasmas 22, 114504 (2015).
[57] M. Kosterlitz and D. Thouless, J. Phys. C 6, 1181 (1973); B. Halperin and D. Nelson, Phys. Rev. Lett. 41, 121 (1978);
D. Nelson and B. Halperin, Phys. Rev. B 19, 2457 (1979); P. Young, Phys. Rev. B 19, 1855 (1979).
[58] S. Kapfer and W. Krauth, Phys. Rev. Lett. 114, 035702 (2015).
[59] F. Peeters and X. Wu, Phys. Rev. A 35, 3109 (1987).
[60] D.J. Thouless, J. Phys. C: Solid State Phys. 11, L189 (1978).
[61] R.H. Morf, Phys. Rev. Lett. 43, 931 (1979).
c© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.cpp-journal.org
